Does anyone know the exact number of centenarians in Brazil? Since the nineteenth century, the census has provided the number of 100-year-olds in one of the most populous countries worldwide. In 1900, 4,438 individuals reported themselves to be centenarians, and 100 years later, 24,576 centenarians were recorded in the census. Due to data quality issues, we are skeptical about the real growth of the recorded population in the census. Therefore, we produce new statistics of the centenarian population through the variable-r method combined with different mortality models. We offer a set of estimates of the most likely number of centenarians in Brazil over the period 1900-2000. There was virtually no centenarian at the beginning of the twentieth century, and only in the 1990s, the centenarian population surpassed 1,000 individuals. Our estimates confirm an extensive over-enumeration of centenarians in census records since 1900. The good news is the improvement in census data collection over time.
Introduction
The number of people reaching the age of 100 has called the attention of scientists, including many demographers. In 1990, nearly 90,000 centenarians were living in the world. Over the last 25 years, this number increased five times, reaching more than 410,000 people in 2015 (U.N. 2019). Not surprisingly, given the historical and regional patterns of survival gains, there is a concentration of elderly populations in wealth low-mortality regions. However, between 1990 and 2015, the number of centenarians increased by 10% more in middleincome than high-income countries, suggesting the centenarian trend may be spreading to other regions. Vaupel and Gowan (1986) were among the first authors to foresee the growth in the number of centenarians by simulating scenarios of survival gains in the United States. A few years later, Thatcher (1992) reported an increasing number of centenarians in England and Wales, particularly after World War II. Since then, other studies have examined trends and patterns of the centenarian population in several low-mortality countries (Barbi et al. 2018; Drefahl et al. 2012; Jdanov et al. 2008; Kestenbaum and Ferguson 2005; Leeson 2017; Medford et al. 2019; Poon and Cheung 2012; Rau et al. 2008; Robine, Saito, and Jagger 2009; Robine et al. 2010; Robine and Saito 2003; Skytthe and Jeune 1995; Thatcher 2001; Wilmoth 1995; Wilmoth and Lundström 1996) The interest in the factors that have driven the proliferation of centenarians has been increasing as well. According to Preston and Coale (1982) , population growth is due to a combination of changes in births, migration, and mortality rates. In the case of the centenarian population, Vaupel and Jeune (1995) emphasized the impact of mortality decline on the growing number of centenarians. They found that the proliferation of centenarians is mainly due to improvements in survival from ages 80 to 100 in low-mortality countries. Other authors have also stressed the role of declines in late-adult mortality, and postponement of age-at-death, to determine the size of the centenarian population (Kannisto et al. 1994; Robine and Paccaud 2005; Robine and Cubaynes 2017) . In Japan, where the distribution of deaths strongly shifted to older ages between 1980 and 2000 (Robine and Cubaynes 2017) , the number of centenarians increased fourteen-fold, from 913 to 13,036 (Robine and Saito 2003) .
In the decades to come, we can also expect a steady proliferation of centenarians in middleincome countries, where the mortality transition -from infant and early-adult to late-adult and old agesstarted later but it is in progress. There have been already some reports about the multiplication of the number of centenarians in China (Wang, Zeng, Jeune, & Vaupel, 1998) , Cuba (Calzadilla et al. 2013) , and in other countries like Mexico, Russia and Poland (Herm, Cheung, & Poulain, 2012) . In Brazil, according to the census data, there were almost twice as many centenarians in 2010 (24,236) than in 1991 (13,296) (IBGE 1991; . However, confounding data errors have precluded a more in-depth examination of the determinants of this type of demographic trends in middle-income countries, where the vital registration systems are usually weaker. The main reason is the low quality of population counts at older ages due to coverage and content errors, including age misreporting (Turra 2012) .
The study of the relationship between the number of centenarians recorded in the census and data quality issues is not new and has received extensive attention also in wealthier nations.
For example, in the United States, estimates of the number of centenarians showed that the census population was overestimated by about three times in 1960 (Myers 1966) . Also, for the U.S., some studies have used death statistics and extinct generations methods to confirm the existence of data quality issues at older ages, particularly for some population subgroups such as African Americans (Siegel and Passel 1976) . The norm has been age overstatement in census data relative to deaths, although the magnitude of the exaggeration has varied over time (Elo and Preston 1994; Rosenwaike 1979; Rosenwaike and Logue 1983) . Not only in the U.S. but also the Canadian census has over-counted the number of centenarians, particularly the number of semi-supercentenarians (Bourbeau & Lebel, 2000) .
In the case of Brazil, seventy years ago, Mortara (1949) was already very skeptical about the quality of the population enumerated by age in the 1920 and 1940 Census, particularly at older ages. He projected backward the number of births and the probabilities of surviving for different cohorts to estimate what would have been the number of native-born Brazilians by age in both years and compared them to the census figures. Concerning the centenarians, the results were astonishing: he estimated about six and nine people, respectively, for 1920 and 1940, whereas both censuses counted more than six thousand individuals.
Decades later, the official Brazilian figures are still suspicious. A simple comparison of the prevalence of centenarians shows that in the 1991 Census, it was about 30% higher (0.94 per 10,000) than the rate found, for example, in Sweden (0.69 per 10,000) despite the 1.5 years lower life expectancy at age 70 in Brazil (HMD 2019; IBGE 2010) . In 2000, the prevalence increased to 1.45 per 10,000, but reduced to 1.27 per 10,000 in 2010, eventually becoming lower than the Swedish rate (1.71 per 10,000). This apparent erratic behavior on the prevalence rates in Brazil possibly reflects improvements in age reporting across censuses and birth cohorts. Tests of consistency have confirmed the data quality issues among older Brazilians. Following the studies developed in the U.S., Gomes and Turra (2009) compared the number centenarians in the 1991 Brazilian census with extinct generation estimates based on the number of cohort deaths in the following years. The results show significant discrepancies between the two data sources: about three times more centenarians in the census than registered deaths. Unfortunately, the death files are also not immune to both coverage and content errors, and it remains unclear what it is the most likely size of the centenarian population in Brazil.
The absence of reliable estimates of the centenarian population in populous countries, which have witnessed rapid demographic transitions but lack accurate data, prevents a more comprehensive discussion on the dynamics of these longevous subgroups beyond the limited set of lowest mortality countries. It also hinders local governments from planning policies to reach the demands of a growing old age population in places that usually face stricter family and public budget constraints. It is therefore valuable to estimate what would have been the probable evolution of the Brazilian centenarian population over the decades. In the following, we use variable-r relations (Horiuchi and Preston 1988; Preston et al. 2001) to estimate the centenarian population from the combination of different mortality schedules. Our results show a range of estimates which may reasonably be expected to bracket the correct number of centenarians over 1900-2000. Moreover, we point out the differences between our set of estimates and the reported number of centenarians in the Brazilian censuses between 1900 and 2000. We hope our findings stimulate the statistical agencies in Brazil to improve even further the process of obtaining information about older populations.
Data and Methods

The Variable-r Method
Variable-r relations can be of great value in the estimation of population measures when data are missing or are of bad quality. Preston and Coale (1982) show that the number of individuals from different age groups in the same year is related in terms of survival probabilities and demographic differences, which are reflected in the age-specific population growth rates. Following the discrete formula detailed in Preston et al. (2001) , we estimated the number of centenarians in Brazil by sex, for the years that correspond to the census ' years 1900, 1920, 1940, 1950, 1960, 1970, 1980, 1990 and 2000 :
where n N x is the population at the older age group at the census date, n N y is the population at a younger age group at the census date, ̅ ( ) is the mean age-specific growth rate over time intervals, and x-y p y is the probability of surviving from ages y to x. We applied Eq.1 in two steps to estimate the total number of centenarians. First, we calculated the population 100-109 years old, and next, the number of individuals 110 to 119 years old. We assumed no individual survived to ages beyond 119 in Brazil during the period of analysis.
The (Lower Limit) Age y
We relate the centenarian population to the number of individuals aged y to y+n. Thus, as a first step, we must define age y in Eq.1. Given the relevance of improvements of the late-adult survival to the proliferation of centenarians (Robine and Cubaynes 2017; Vaupel and Jeune 1995) and because age overstatement tends to increase with age in Brazil (Agostinho 2009) and elsewhere, we estimated the centenarian population from the number of fifty-year-olds.
Since census data are not free of age misreporting, we used 10-year-wide age intervals to smooth any major inconsistencies and drew the number of people in the age group 50-59 from each successive census collected in Brazil (BRASIL 1927; BRASIL 1928; IBGE 1950; IBGE 1956; IBGE 1960; IBGE 1973; IBGE 1981; IBGE 1994; IBGE 2001; IBGE 2011) . Although we believe this is the best choice for the parameter in Eq.1, to mitigate arbitrariness, we also ran sensitive analyses, described below, by varying the lower age group and the corresponding population and mortality measures.
Age-specific Growth Rates
Next, we estimated the set of age-specific growth rates above age y, for every intercensal period. Even if the size and the age distribution of the population at ages 50 and older is biased in the census, we can apply the variable-r relations as far as the pattern of data errors does not change significantly over time, affecting the age-specific growth rates (Preston et al. 2001 ). Nevertheless, to mitigate any potential bias in the growth rates from the variation of census data quality over time, which seems to have occurred at the oldest ages, we estimated annualized age-specific growth rates for ten-year age groups up to age group 80-89. After age 89, rather than using age-specific growth rates, we replaced them with the annualized mean growth rate for ages 90 and above.
We tried different open-ended age intervals in the sensitivity analyses, as we explain below.
Because we wanted to make estimates separately for each census year, rather than for intercensal periods, we used two intercensal growth rates that are centered on each census date to calculate the mean growth rates. For example, for the age-group 70-79 in 2000, we used the mean growth rate at ages 70 to 79 in 1991-2000 and 2000-2010. Also, because in the first forty years of the analysis, census observations are separated by twenty years (1900-1920 and 1920-40) , we calculated annualized twenty-year age-specific growth rates. Moreover, we assumed that age-specific growth rates for the period 1900-1920 apply to 1900.
Conditional Probability of Surviving
The third parameter in Eq.1 is the conditional probability of surviving. In addition to the estimates based on CD Model Life Tables, we calculated survival functions by fitting three mathematical functions to Brazilian mortality rates: Gompertz, Weibull, and
Kannisto. There is a general agreement that mortality increases exponentially from mid-adult to ages 80-90, as described by the Gompertz law. However, there is not a consensus regarding the mortality trajectory at the most advanced ages (Barbi et al. 2018; Gampe 2010; Gavrilova and Gavrilov 2015; Gavrilov and Gavrilova 2011; Vaupel et al. 1998 ). Some studies suggest that the exponential growth of mortality with age is followed by a period of deceleration, with slower rates of mortality increase at the oldest ages (Barbi et al. 2017; Gampe 2010; Vaupel et al. 1998 ). Conversely, another group of researchers has contended that mortality deceleration in later life is a consequence of poorer data quality at older ages, and that in reality mortality continues to grow exponentially at the highest ages (Gavrilov and Gavrilova 2011; Gavrilova and Gavrilov 2015) . Due to this disagreement, we decided to offer estimates for the number of centenarians in Brazil from the application of the three mortality models.
To estimate the parameters of the mathematical models we used official life tables estimated by the Brazilian Institute of Geography and Statistics (IBGE 2013). We fitted the mathematical models to the death rates for the ages 70 to 90+ and then extrapolated the results to the advanced ages. To avoid adding bias from mortality data errors, which were more prevalent in the earlier years, we limited the mathematical estimates to the year 2000.
Sensitivity Analysis
As we stressed before, to test for the robustness of our results and offer a range (upper and lower limits) of estimates, we ran sensitivity analyses by varying the inputs of the Eq.1. First, we changed age y by starting the calculations from ages 60-69, instead of just 50-59. As we varied age y, we had to obtain the corresponding population estimates from the census data and the life table survivorship ratios for each new age range. Second, in addition to applying the annualized mean growth rate for ages 90 and above, we tested for two different openended age intervals: 80 and above, and 100 and above.
After varying the lower limit age y, the configuration of age-specific growth rates in the openended age interval and the mortality schedules, we produced 184 estimates of the centenarian population by sex between 1900 and 2000. We present and discuss absolute sizes, sex ratios, and prevalence rates for the Brazilian centenarian population, as well as the life table survivorship ratios from ages 50-59 to 100-109 under the scenarios previously discussed. We compare some of them to the measures calculated directly from census data.
Cohort Estimates
Variable-r estimates are useful to relate the number of centenarians to the number of younger adults in the same year, allowing us to estimate the population of Brazilian centenarians over a more extended period. However, there is no guarantee that the age-specific growth rates are not biased because of changes in census coverage and content errors over time. Therefore, we calculated another set of results based on cohort estimates for the second half of the twentieth century. We reconstructed the possible mortality trajectories for cohorts aged 50 to 59 and 60 to 69 years old in 1900 to 1950 and calculated the number of surviving individuals at ages 100-119 in every decade from 1950 to 2000. Because there are no census data in 1910 and 1930, we interpolated the population at ages 50 to 69 in those years based on the observations from 1900, 1920 and 1940 censuses. We limited our cohort analysis to the life tables calculated from CD Model Life Tables (West Model) since the objective is only to test for potential discrepancies between period and cohort estimations. In order to approximate the cohort mortality functions, we apply the geometric mean of life table survivorship ratios at the beginning and end of each intercensal period and take the corresponding age-period estimates.
Results
Before examining the indirect estimates of the centenarian population, it is essential to introduce the problem of over-enumeration of older people in Brazil. Fig.1 compares the prevalence rates (per 10,000) of centenarians recorded in the Brazilian censuses with prevalence rates for a set of high-longevity countries (HLC). The graph also displays the association between life expectancy at birth and the prevalence rates for each one of the countries. We drew population and mortality data for the HLC from the Human Mortality Database (HMD, 2019).
[ Fig.1 about here]
As expected, life expectancy was lower in Brazil than in the HLC, for both men and women.
However, particularly in the past, the prevalence rates of centenarians in Brazil were considerably higher than in the HLC. For instance, there was virtually no centenarian in Sweden in 1900 and 1910, while in Brazil, the prevalence rate reached levels higher than two per 10,000 in 1900, according to the official figures. Over the twentieth century, as mortality declined, the prevalence of centenarians consistently increased in the HLC. In Sweden, for example, the prevalence of female centenarians augmented by about one hundred-fold over the 110 years, and in Japan, it increased by about three hundred-fold between 1950 and 2010.
The prevalence rates for women in these two countries are now above two (Sweden) and five (Japan) per 10,000. At the same time, according to the Brazilian official statistics, the prevalence of centenarians took the opposite direction in Brazil. In the case of women, it decreased from 2.83 in 1900 to 1.75 per 10,000 in 2010, despite an increase of about 40 years in life expectancy at birth. For men, the decline in the prevalence rate was more substantial, ranging from 2.32 to 0.78 per 10,000. [ Table 1 about here]
The indirect estimates indicate that there was probably no centenarian in the first two decades of the twentieth century in Brazil. The number of centenarians grew little until 1940 when the mortality transition started to affect both population growth rates and the chances to reach ages 100 and older. It would have been only after 1960 that the number of centenarians had surpassed 100 individuals, reaching some value around 1,000 (between 200 and 2,000) centenarians in 2000, of which approximately 80% were women. Between 1900 and 2000, the sex ratio based on our estimates considerably declined from 0.62 to 0.24, because of an increasing gender gap in mortality over the years.
The estimates also confirm an extensive over-enumeration in the census records (Table 1) .
According to the census data, 4,438 centenarians were living in Brazil in 1900, from which 46% were men. This census estimate is so large that it was not even reached a century later, according to our most optimistic scenario. Also, the sex ratio of 0.86 in the 1900 census is surprising given the female mortality advantage, particularly at adult ages. This result shows that in the past, the over-enumeration of older groups was more frequent among men than women.
The implausibility of the census data becomes even more evident in Fig.2 . We calculated ratios of the centenarian population in the census data to all indirect measures based on the variable-r method and the cohort estimates. The declining ratios for both men and women confirm the implausible numbers in the past and the improvement of census data over the years. In the first decades of the twentieth century, prevalence rates based on indirect estimates were a few thousand times lower than the ones calculated from the censuses. In 2000, the mean ratio (census data/estimates) was significantly lower than in the past but still higher than 10.
[ Fig.2 about here]
Indirect estimates of the centenarian population also involve uncertainty. Fig.2 By analyzing Table 1 and Fig.2 together, we see that the most substantial portion of the variation in our results comes from the choice of the adult mortality model. For instance, in 1960, the number of centenarians can vary from 12 to 87 only due to changes in the mortality schedules. Therefore, the idea of providing a set of population estimates by varying the mortality models is not only to uncover our ignorance about the actual mortality function at older ages in Brazil but also to measure the extent to which census data are out of range. In Fig.3 The lowest survival estimates are those calculated from the South and East Model, which is not surprising because they reflect conditions of countries with higher mortality at advanced ages. The difference in the ratios estimated between the highest and the lowest models can get as high as ten times and seven times, respectively, for men and women in 2000.
[ Fig.3 about here]
Regardless of the mortality model adopted, survival gains have been particularly high among women. For example, the chances of women surviving to ages 100-109 from ages 50-59 improved 34-fold, between 1900 and 2000, according to the West Model. However, these gains were not enough to explain the large number of centenarians in the Brazilian censuses.
The actual probabilities of surviving would need to be ten to one thousand times higher than the survival curves adopted in the current work, depending on the year and sex, for census records to be real.
Discussion
There is a general belief in Brazil that the centenarian population has been increasing very rapidly over the last decades. According to the census data, the centenarian population grew two and a half times between 1960 and 2000 and currently comprises more than 24,000 individuals. Whereas the Brazilian population is indeed getting older faster than in many wealthier regions, the estimated centenarian population is probably significantly smaller than the number of individuals counted by the census, having increased from fewer than 100 individuals in 1960 to between 200 and 2,000 people in the year 2000. The slower growth of the centenarian population in the census than predicted by our estimates suggests there have been improvements in data collection over time. Also, the much higher census sex ratios reinforce the hypothesis of over-enumeration of centenarians, particularly men.
Our indirect estimates based on variable-r relations are not immune to errors. Age-specific growth rates in Brazil may vary over time due to changes in census data quality, affecting the estimates of the population size at older ages. However, sensitivity analyses, including cohort estimates, indicated that any errors from the methodology are probably not substantial. What affects population estimates at old ages is the choice of the mortality model. To minimize the lack of high-quality mortality data at advanced ages in Brazil, we compared estimates from different mortality schedules and concluded that unless adult age patterns of mortality are very atypical in Brazil, the number of centenarians in the census records are incompatible with the prevailing adult mortality levels in the country. Mortara (1949) was the first demographer to worry about the poor quality of the population enumerated at older ages in the Brazilian censuses, anticipating what would be a crucial subject decades later. Ours is the first study to provide a systematic comparison between indirect estimates and census records of centenarians over a century in Brazil, although other recent studies have also cast light on issues related to the enumeration of centenarians. As aforementioned, Gomes and Turra (2009) found that the number of centenarians in census records was triple those in death files in the year 1991. Here, we showed that the number of centenarians is not only substantially smaller than census records but also lower than the number of deaths registered at ages 100 and older. Whereas it is not surprising that age misreporting affects the quality of both census data and death files, the bias is proportionally more extensive in the census records resulting in artificially lower mortality rates at older ages, as recognized by (Preston, Elo, and Stewart 1999) and examined by Turra (2012) for
Brazil.
The evolution of the population of Brazilian centenarians across the decades, as measured by the census records, is odd, because of significant data improvements that have occurred in each new data collection. This inaccurate time trend seems to reflect in the estimates prepared by the U.N. (2019). According to them, the number of centenarians decreased from almost nine thousand in 1950 to fewer than 100 individuals in 1970, increasing after that. Therefore, we believe the U.N. figures for the 1950s and 1960s are wrong, although they are significantly more consistent with (somewhat higher than) our estimates for the period 1970-2000. Also, according to the U.N. (2019) projections, the population of Brazilian centenarians will only reach the number recorded in the 2000 census (about 25,000 individuals) in the year estimation of future trends still needs more scrutiny, since the correct age patterns of mortality at adult ages in Brazil remain a puzzle. Fortunately, we expect the quality of age reporting at older ages to improve over the next decades, with the educational transition and the consolidation of the vital registration systems. The accurate measurement of population and deaths at adults ages in Brazil will become a much smaller problem in a few decades. 
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